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COUNTABLE BOX PRODUCTS OF ORDINALS

BY
MARY ELLEN RUDIN

ABSTRACT. The countable box product of ordinals is examined in the paper for
normality and paracompactness. The continuum hypothesis is used to prove that the box
product of countably many o-compact ordinals is paracompact and that the box product
of another class of ordinals is normal. A third class trivially has a nonnormal product.

Because I have found a countable box product of ordinals useful in the past
[1], this class of spaces particularly interests me. The purpose of this paper is to
tell what I know about which of these spaces is paracompact or normal.

In [2] I prove that the continuum hypothesis implies the box product of
countably many e-compact, locally compact, metric spaces is paracompact. I
prove here that the continuum hypothesis implies the box product of countably
many o-compact ordinals is paracompact (Theorem 1) and the box product of
another class of ordinals is normal (Theorem 2). The proof of Theorems 1 and 2
is a quite messy join of the techniques of [1] and [2] which raises some doubt in
my mind as to whether these theorems are worth proving. Because I care, because
I think these spaces are set theoretically interesting and topologically useful,
because I think these theorems are best possible, the theorems are worth the mess
to me.

A. If {X,} en is a family of topological spaces, a box in [T s X, is a set
IIxea Us where each U, is open in X,. The box product of {X,},e, is IIrea Xa
topologized by using the set of all boxes in it as a basis.

Throughout the paper the following notation is used.

An ordinal a is the set of all ordinals less than a and « is topologized by the
interval topology. The statement that « is a cardinal means that « is an ordinal
and no smaller ordinal has the same cardinality as a.

The notation [Jycs B is used to mean the ordinary Cartesian product of the
B\’s and never the cardinal or ordinal arithmetic product. Similarly «® means the
set of all functions from B into « rather than an arithmetic operation.

If a is an ordinal, let cf(a) denote the cofinality of a; that is cf(a) is the smallest
ordinal & such that there is a subset A of a, order isomorphic with &, such that
B < a implies there is a y € A with 8 < y. Observe that a is a o-compact
ordinal if and only if & is compact or cf(a) = wp.
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Let [CH] and [GCH] denote the continuum hypothesis is true and the generalized
continuum hypothesis is true, respectively.

To avoid repetition assume that for each n € wy, a, is a positive ordinal, and
let X be the box product of {@,},c.; If x € X or U C X, let x(n) and U(n) denote
the projection of x and U, respectively, on a,.

B.Let S = {n € w, | a, is not s-compact}.

Case 0. The trivial case. There.are n € S and m € w, — {n} with a,, > cf(a,).
Theorem 0 yields X is not normal.

Case 1. The basic case. S = . Theorem 1 yields [CH] X is paracompact.

Case 2. The other case. Not Cases 0 or 1.

Since not Case 1, S # J. And s € S imply a, is not paracompact; so X is not
paracompact. Define «(X) = sup{cardinality of [, -3 B: |5 € S, 8, < @,
and B, is compact}. Since § # & and not Case 0, there is a unique uncountable
& such that cf(a,) = 8 for all s € S. Since not Case 0 and & is uncountable,
k(X ) < sup{cardinality of 8 | B is a cardinal less than §}. Thus [GCH] implies
x(X) < & unless § is the cardinal successor of an infinite 6-compact cardinal.
Theorem 2 proves k(X ) < & and [CH] implies X is normal.

Thus in Case 2, if § is not the cardinal successor of an infinite 6-compact cardinal,
then [GCH] X is normal but not paracompact.

I give some examples to show the flavor of the results.

(1) @y = w, and a, = wy + 1 for n > 0; [CH] X is normal; Case 2.

(2) a, = w, for a finite kK > 1 and all n; [CH] X is normal; Case 2.

(3) @, = w,+2 for neven and @, = wy + 1 for n odd; [GCH] X is normal; Case
2.

(4) @, = w, for all n; X is not normal; Case 0.

(%) @, = w,, for all n; [CH] X is paracompact; Case 1.

(6) a, = wy + 1 for all n; [CH] X is paracompact; Case 1.

But I conjecture there is a model of set theory in which X is not normal.

(7) ay = & and a, = wy + 1 for all n > 0; Case 2 but none of the present
results apply. I conjecture X is not normal in a model of set theory including [CH]).
1 also conjecture X is normal in a different model of set theory.

C.Let T = {t € | a, is 6-compact but not compact }.
Lemma 0. Without loss of generality, T = .

Proof. If ¢ € T, choose nonlimit ordinals ay, < a;, < **+ having a, as a limit.
Define @ = {Il,eu,4n|4n = @, if n € 0y — T, and either 4, = ay, or 4,
= a;, — 0y, for some i > 0if n € T). Clearly @is a collection of disjoint open
sets covering X; thus X is paracompact (normal) if and only if all members of @
are paracompact (normal). But J],e,, 4, € @ implies 4, is either isomorphic to
a compact ordinal or is a non-e6-compact ordinal. Hence we may assume T = J.
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D.

Theorem 0. Suppose y and B are ordinals; vy is not e-compact, and B > cf(y).
Then y X B is not normal.

Proof. Let § = cf(y). Since 8 X (§ + 1) = D is homeomorphic to a closed
subset of y X B, it suffices to show that D is not normal. For a < &, let
h, = (a,8) and k, = (a,a). Then H = {h, | a < 8} and K = {k, | a < 8} are
disjoint closed subsets of D. Suppose U and ¥V are disjoint sets open in D and
UDHand VD K. Let A ={\A < &|A\is a limit ordinal}. Since k, € ¥V for
each A € A, thereis a 8, < A with {(n,A) | B, < n < A} C V. Since cf(§) = §,
there is a B < § such that p < & implies {A € A | B, =B and A > p} # .
Since hg € U, there is a p < & such that {(8,\) | p < A < 8} C U. Choose
A € A such that B, = B8 and A > p. Then (B,A) € U N V. Thus X is not
normal.

Conjecture based on the proof of Theorem 0. Let ay = ; and &, = wy + 1 for
n > 0. For a <  define h, € X by h,(0) = a and h,(n) = w, for n > 0. For
a < ay choose k, € X 50 k,(0) = a and, for n > 0, choose k,(n) < wy in such
a way that B < a implies there is an m € w, so n > m gives k,(n) > kg(n).
Then H = {h, | a < «} and K = {k, | « < «,} are again closed and disjoint
subsets of X. I conjecture that in some model of set theory including [CH], K can
be chosen in such a way that H and K cannot be separated. However, in a model
with no scale of cardinality &, (that is, for any K there is an x € wy X wyX -+
such that for all a there is an m for which n > m implies x(n) > k,(n)) I feel X
must be normal. [CH] implies there is a scale of cardinality §,.

E. The theorems are proved in this section and we need more notation. Assume
a, is compact for all n.

Let £ = {I],eu, % | J is a closed subinterval of a,}; we allow J, = . See that
X € £ and the intersection of the members of any subset of £ is a member of £
If L €6, define [],e., sup{p(n) | p € L} to be the top of L; observe that
J # L € £ implies the top of L belongs to L.

Let ® = {U € £ U(n) is both open and closed for all n }; B is a basis for the
topology of X.

For p € X and n € wy, let E*(p) = {x € X | x(m) = p(m) for all m > n)}.
Let E(p) = U,eo,E"(p) and & = {U,cyE(p) | U € B}. For V € & let V*
denote a particular U € ® with V = U,y E(p). Observe that the relation E,
where p E ¢ means p(m) = g(m) for all but finitely many m € w,, partitions X
into equivalence classes and that E(p) is the equivalence class to which p belongs.
Also V € & implies

V= léJ agXay X Xa XV*n)XV*¥n+1)X---.
n€wy

From this we see that V' € & implies V is the union of disjoint members of ®
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because ¥V = U,eu{Iljeu J; | J(i) = V*(i) for i > n and J;(i) is either V*(i)
or a maximal subinterval of a, — V*(i)}.

Let Q be the set of all subsets @ of ® covering X such that V € @and U € ®
and ¥V D Uimply U € & For @ € Q define &@) = {V € & | V is the union of
a set of disjoint members of @).

We now prove a sequence of lemmas.

Lemma 1. The intersection of the members of a countable subset of & is the union
of a set of disjoint members of &.

Proof. Assume {};},c,, C &.

For m and n in w, let 4,,, = {I | I is either V*(n) or a maximal interval in
a, — V*(n)}. Observe that §,,, partitions a, into three or fewer disjoint open and
closed subintervals. Define 9, = {Npcnln | I, € %) Let § = {Tlicuyh | 4
€ 4,). Finally let ¥ = {U,,E(p) |J € P and X ={V € K|V C Nyeu Wi}
Since the terms of 9, are disjoint open and closed intervals of &, whose union is
a,, the terms of K are disjoint members of & whose union is X.

Suppose x € M,e,, h; choose ky < ky < -+ in wp 50 x(n) € V3(n) for all
n > k,. Define J, by x(n) € J, € 4,. Since k,, > m, clearly J, C V3(n) for
n>k,. Let J=1Ileukh and V = U,,E(p). Then x € ¥V € K. Assume
y €E V and m € w, There is a k € wy so y(n) € J, for all n > k; so y(n)
€ V*(n) for all n > k,, + k. Choose a point p of V% such that p(n) = y(n) for
n>k,+k;theny € E(p)soy € ¥,.Thus ¥ € I Hence Iis a set of disjoint
members of & whose union is M,e,, ¥

Lemma2. Ifx € Xand @ € Q, then x € U&R).

Proof. By induction we define for each n € w, a finite subset &, of @ such that
V € @, implies ¥V N E"(x) # &; &, is a cover of E"(x) by disjoint sets. Also
there is an open-closed interval I, of a, to which x(n) belongs which is ¥(n) for
alvce,

Choose W € @ such that x € W and let & = {W} and I, = W(0).

Assume @,_, has been-chosen. Since @ is a basis for the topology of X and &,
is finite and its members are closed, for each p & U@, there is a |} € @ such
that p€ ¥ and | N (UG,,) =D Since E"(x) = agXayX++*Xa,y
X {x(n)} X {x(n + 1)} X -+ -, and each o; is compact, E"(x) is compact. Hence
E"(x) contains a finite subset py, p;, ..., p; such that {¥, | i < k} covers E"(x)
—(U@,). For i<k and j<n let §;={K|K is ¥(j) or a maximal
subinterval of a; — ¥,(j)}. If j < ndefine §; = (M, K; | K; € §;). Andifj > n
define J; = N, %,(j). Then define @, ={J|J C ¥, for some i < k and
J = Iljeu, J; where J; € §, for j < n}.

Let I, = Myeg, ,us,V(n). Since V € @,, U B, implies ¥ N E"(x) # &,
x(n) € I, For V € @,_; U ®,, define "V € D by "V(i) = V(i) for i # n and
"Y(n) = I,. Then define @, = {"V |V € &,., U B,}; clearly @, has the desired
properties.
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For all r and n in wy and V € @, define V” = V(0) X -+ X V(n — 1) X I,
XLgXeeo XL, XV(n+r+1)x---; and define V"= V(0)X---
XVn—1D)XLXLyX+-.Let X={V"|n € wy and V € &,}. Clearly V
DV VM S ...D V"soV €@, C Qimplies V" € @ By an easy induc-
tiononr, V" € &,,, Thus the fact that, for all m € w,, the members of each &,
are disjoint, yields that ICis a collection of disjoint members of &.

Define Z = {p € X | for some n € wy,p(m) € I, for all m > n}. Clearly
x € Z € 6. We prove Z = U3 and this proves the lemma.

Clearly each term of I is contained in Z, so we only need prove Z C U .
Suppose p € Z. There is an n € w, with p(m) € I, for all m > n. Let g be the
point of E"(x) with g(m) = p(m) for m < n and g(m) = x(m) for m > n. Then
geEVER,.Butalsope Vandpe Ve . SoZ C U

Lemma 3. If @ € Q, then [CH] there is a set of disjoint members of &(®) covering
X.

Proof. Define a one-to-one function f: w; X w, = «, such that f(8,a) > B for
all B and a; f need not be onto.

For each countable ordinal B we define sets 3z and ¥, by transfinite
induction. Our induction hypotheses are:

(1) % C &(@) and %, C &.

(2) 3g U K4 is a disjoint cover of X and no term of I, intersects a term of K.

(3) p < Band ¥ € I, implies V € (.

(4) p < Band ¥V € K, implies thereisa U € K, with U D V.

We use some functions in the definitions and we define these before beginning
the induction. Suppose 8 < «, and suppose {3C, | p < B}and {¥X, | p < B} have
been defined satisfying the induction hypotheses. Then define a function
gp: (g — {D}) X & — £ as follows. Suppose & # W € K, If p < B, by (4),
there is a W(p) € ¥, such that W(p) D W. By (2), the terms of %, are disjoint
so W(p) is uniquely determined. For p < B and n € w, define §,, = {I'| I is
either W(p)*(n) or a maximal interval of a, — W(p)*(n)}. Let &, = {M,<p! | I
€ %o} and § = (Il,ey, L | I, € 4,}. Since {p < B} is countable, the cardinality
of ¢ is at most that of the continuum. Hence [CH] there is a function gy from ¢
onto §. For a € « define gg(W,a) = gy(a).

We are now ready to begin our induction. Define 3, = & and K, = {X}.

Assume J(z and ¥ satisfying the induction hypotheses have been defined for
all B < ywhere 0 < y < w,.

We first define 3C, and %, in the case y = 8 + 1 for some § < w,. Observe that
part of our assumption in this case is that gz has been defined for all B < §. Let
Qs ={U € %, | there are @ € «;,B < 8, and W € K, such that f(B,a) = §,
U C W, and the top of gg(W, a) belongs to U).

Fix U € Q;. Since f is one-to-one, a and B are uniquely determined. By (2)
there can be at most one W € ¥, such that U C W. So gg(W, a) and the top #
of gg(W, a) are uniquely determined by U.
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Choose Z € §(@) with 1y € Z as guaranteed by Lemma 2; keep in mind that
Z is a function of U. Define Hy = H N Z.Forn € wydefine %, ={I N J|Iis
either U*(n) or a maximal subinterval of a, — U*(n) and J is either Z*(n) or a
maximal subinterval of a, — Z*(n)}. Then define & = {[I,e., & | i, € %, and,
for infinitely many n, E, € Z*(n)}. Let ¥y = {U,erE(p) | F € Fand F C U}.
The terms ¥, are disjoint and their union is U — Z.

Now define ‘JC, = 3(:5 U {Hu' Ue Qs} and ‘JC., = (SC; - Qg) U] U{ﬂCUI U
€ Q;}. Using only the preceding paragraph and the facts that § + 1 = y, the
induction hypotheses are satisfied for 8 <y, Qs C ¥, and that for each
U € s, a unique term f; of U has been chosen, it is easy to check that the
induction hypotheses hold for y. The messy definitions of gg and Q; are only used
later. But we need J(, and ¥, chosen in this complicated way in order to prove
the lemma.

If y is a limit ordinal, define 3, = U<, Hgand £, = {Ms, ¥ | ¥ € Kz). By
Lemma 1, & # V € £, implies ¥ is the union of a set X, of disjoint members
of &. Define %, = U{¥, | ¥ € £,}. The induction hypotheses clearly thus hold
for y.

Define 3 = Ugc,, 3g. The members of IC are certainly disjoint terms of &(@)
so the lemma is proved if IC covers X.

Assume p € X — U JC Then for each 8 < w,, there is a unique Us € ¥ with
P E Ug For n € wy and B <y let %, = {I C a, | Iis either Ug(n) or a
maximal subinterval of a, — U%(n)}. For n € wyand B < «, let I, be the term
of 94, to which p(n) belongs, and for each § < w, let J, = Mgcylp,. Define
Js = Ilaeu, Jon Clearly p € Jy C Up, and B < 6 implies J; C Jp. Let #5 be the top
of J; that is, t; = [T,e., sup{x(n) | x € J}. Clearly #, € J;, and 8 < § implies
13(n) < tg(n) for all n. Since w; and a, are well ordered, there is, for each n € wy,
a smallest 8, < « such that 75 (n) = inf{tg(n) | B < w}. Define 8 = sup{B, | n
€ wy}. Then tg = ¢, for all 8 > B. Look again at the definition of gg. If Us = W,
then p < B yields U, = W(p) and 9,, = §,,. So Jp, € §, and J € § Hence,
Jp = 8p(Up, @) for some a < w;. Let f(B, @) = §; look at the definition of IC, and
X, in the case y = § + 1. Clearly Uy € Q, and 7, = 1. Thus 73 belongs to a term
of 3C,; but this contradicts #; = ¢, € U, € ¥X,. Hence I covers X.

Theorem 1. The continuum hypothesis implies the box product of countably many
o-compact ordinals is paracompact. In fact every open cover of such a product has a
refinement consisting of disjoint open-closed sets.

Proof. By Lemma 0 we assume a space X = [],c., @, where each a, is
compact. Let § be an open cover of X. Define @ = {V € @ | for some G € §,V
C G}. Obviously @ € Q. So, by Lemma 3, [CH] there is a set ¥ of disjoint
members of &(&) covering X. For H € ¥, let €, denote a set of disjoint members
of @ whose union is H. Then Uy 4@ is a set of disjoint open sets refining § and
covering X.
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Theorem 2. Suppose that for each n € wy, v, is an ordinal and Y is the box
product of {y, | n € w,). Suppose 8 is an uncountable ordinal and S = {n € w, |
cf(y,) = 8} # B. Suppose also that n € wy — S implies v, is 6-compact. Define
« = sup{cardinality of [l,cu,- Ba|S € S, Bx < Yo and B, is compact). Then
[CH] and & > « imply Y is normal.

An analogous proof shows Y is collectionwise normal.

Proof. Using Lemma 0, we assume n € w, — S implies y, is compact. Suppose
A and B are disjoint closed subsets of Y. Define X to be the box product of
{an}new, Where a, = y, when n € wo — S and &, = v, + 1 when n € S. Observe
that a, is compact for each n, and Y is a subspace of X. We now use the notation
set up at the beginning of §E for X; recall ® is a basis for X. Define
@={WeB|either WN.A=ZorWnN B=}. Lemma 4 below proves
@ € Q. Then Lemma 3 proves [CH] there is a set 3 of disjoint members of &)
covering X. For H € ¥let @y denote a set of disjoint members of € whose union
isHLtU=U{We@y|HEXand WN A # B}and V=U{W € @]
He¥Xand WNB+#J). ThenUD A VDOBandUN V=0 ThusYis
proved normal.

Lemma 4. Assume y, S, 8, k, A, B, X, and @ as above. Suppose x € X and x < 8.
Then x € U@

Proof. Let R = {n € S| x(n) = %,}, Z = Ilaer Yo» W =Ilaeuy-r (x(n) + 1);
then (WX Z) C Y.

If R = & then x € Y and, since 4 and B are closed and disjoint in Y, the
lemma is true. Assume R # & for the rest of the proof. Observe that R # @& and
k < 8 imply the cardinality of W is less than §. We have two similar major cases.

Case (1). R has more than one member. In this case, by the definition of x and
k< 8,v, = 6 for all n € R. For 6 < §, define z, to be the point of Z all of
whose coordinates are o and define Z, to be the set of all points of Z all of whose
coordinates are greater than 0. We use {z, | 0 < 8} and {Z, | ¢ < 8} to help us
choose a special ordinal A < é.

Case (1a). R # wyp. In this case we wish to choose A < & such that, for all
P € W, one of the following hold:

@) (22Z) N B=gand (p,2) € 4,

(i) (p,Z2)) N A = Fand (p,z,) € B, or

(i) (p,Z,) N (4 U B)=@.

Let P={p € W |thereisao < & such that ¢ € Z, implies (p,q) & 4
U B}. Since the cardinality of W is less than 8, there is a 8 < & such thatp € P
and g € Z, implies (p,g) & A U B. Any A chosen with B < A < 8 yields (iii)
forallp € P.If W C P, define A = B and (iii) holds for p € W. Otherwise we
have (1a*) or (1a**).

Case (1a*). W — P # S and 8 # w.
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Suppose p € W — P and define A, = {0 € § | (p,z,) € (4 U B)}.

Suppose {0, | n € @} is a monotone subset of §, and ¢, € Z, — Z,,, and
(p.q,) € A U Bforalln € w. Leto = sup{s, | 7 € w;}. Since R is countable,
(P, 4,) is a limit point of {(p,g,, | n € w}. So(p,q,) E A U Bando € A, and
only countably many (p,4,,) can belong to the one of A and B to which (p,g,)
does not belong.

Thus by the preceding paragraph there is a g, < & such that either {(p,q) |
g€ ZYnA=F or {(pq)|q€Z, )N B=. Let 6* ={o € 3|cf(0)
> ;). By the preceding paragraph and the definition of P, since p € W — P,
A, N &* is a cardinality & closed subset of &*. Thus 4, = {p € A, N §* [p > g,
and p > B} is a cardinality § closed subset of §*. Recall that § is an uncountable
ordinal and cf(§) = 8. Thus it is standard set theory that the intersection of any
family of cardinality less than & of closed subsets of §*, each of cardinality 4, is
nonempty. Therefore, since the cardinality of W is less than 8, there is a
A € Nyew-ph,. Clearly p € W — P implies (i) or (i) holds for A; and, since
A > B, p € P implies (iii) holds.

Case (1a**). W — P # & and § = w,. Observe that cardinality less than §
means countable here. Thus R is finite. So we can prove the existence of a & with
the desired properties using exactly the proof given in Case (la*) if we replace
in the proof by wy and countable by finite. In this case § = §*.

Case (1b). R = w,. In this case we wish to choose A < & such that, for all
p E W,either Zy N A =J or Z, N B = . Such a A can be shown to exist
using a simplified version of the argument given in Case (la) where all references
to P, B, and p are omitted.

Having chosen A, we are now ready to prove the lemma in Case 1. Define
A ={pe W-P|(pz) € Aland B = {p € W - P|(p,z,) € B}. Clear-
ly A’ and B’ are closed and disjoint in W. If x’ is the point of W such that
x'(n) = x(n) for all n € wy — R, then x’ & A’ N B’. Hence, for each n € w,
— R, there is an open and closed subinterval , of x(n) + 1 containing x’(n) such
that either A’ N [l,eu-r & = D or B’ N Il,eu,-r & = B. For n € R define
I, = Z,. Then x € [l,eo, ln € &

Case 2. R has only one member. Say R = {r}.

Since cf(y,) = 9, there is a closed subset {z, | ¢ < &} of y, such thato < 7 < &
implies z, < z, and B < v, implies B < z, for some o < 8. Since R = {r},
2, € Z. Define Z, = {B € v,| B > z,}. Then using precisely the same argu-
ment given in Case 1 after the definitions of z, and Z,, one shows x € U@&.
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